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The object of the present paper is to introduce two interesting subclasses 
I*(a, fi, v) and @?(a, 8, y) of starlike functions in the open unit disk aI, and prove 
various coefficient inequalities and distortion theorems for functions belonging to 
these subclasses. The radii of convexity for functions belonging to the classes 
F*(a, 8, y) and %?(a, /I, y) are also determined. 0 1991 Academic Press. Inc. 
1. INTRODUCTION 
Let d denote the class of functions of the form: 
f(z)=z+ f a,z”, (1.1) 
II=2 
which are analytic in the open unit disk % = {z: jz( < 1 }. Further, let 9 
denote the class of all functions in d which are univalent in a’. Then a 
functionf(z) belonging to the class 9’ is said to be starlike of order LY if and 
only if (cf. [l, 3,7]; see also [5]) 
Re Q-‘(z) >a 
(3 f(z) (ZEW (1.2) 
for some a (0 < o! < 1). We denote by Y*(a) the class of all functions in Y 
which are starlike of order LX Throughout this paper, it should be under- 
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stood that functions such as zf’(z)/f(z), which have removable singularities 
at z = 0, have had these singularities removed in statements like (1.2). 
A functionf(z) belonging to the class Y is said to be convex of order a 
if and only if 
Re(l++$)>l (ZE@) 
for some LX (0 < c1 -C 1). We denote by ,X(a) the class of all functions in Y 
which are convex of order CC Note that f(z) E X(a) if and only if 
zf’(z) E Y*(a), and that 
Y*(a) E Y*(o) = 9*, 
X(a) G X(0) 5 x, and X(cx) c Y*(a) c Y 
(1.4) 
for O,<cr< 1. 
The classes Y*(a) and X(a) were first introduced by Robertson [7], 
and were studied subsequently by Schild [S], MacGregor [4], Pinchuk 
[6], Jack [3], and others (cf., e.g., [l, 51; see also [lO--123). 
Let F denote the subclass of & whose members have the form: 
f(z)=z- f a# (a, B 0). (1.5) 
n=2 
We denote by F*(a) and ‘Z(E), respectively, the classes obtained by taking 
the intersections of Y*(a) and X(a) with F-, that is, 
F*(a) = Y*(a) n 9 and U(u) = X(a) n F. (1.6) 
The classes F*(a) and %?(a) were introduced by Silverman [9]. 
Let the function g(z) be defined by 
g(z)=z- f b,z” (b, 2 0). 
n=2 
Then a function f(z) belonging to the class F is said 
r*(a, B, Y) if 
(1.7) 
to be in the class 
1(+1)/(5$)+(1-2#?))1<y (~~42) (1.8) 
for g(z) E F*(a), where 0 < /? < 1 and 0 < y < 1. If a functionf(z) belonging 
to the class F satisfies the condition (1.8) for g(z) ~%(a), 0 <p < 1, and 
0 < y < 1, we say that the function f(z) is in the class %?(a, /3, y). In 
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particular, when the functionf(z) belonging to the class F is univalent, the 
classes 9*(a, fi, y) and %(a, /I, y) evidently become the subclasses of the 
class .X(CX, fl) which was introduced recently by Gupta [2]. 
In the present paper we prove various coefficient inequalities and distor- 
tion theorems for functions belonging to the classes F*(a, 8, y) and 
%‘(a, fl, y). We also determine the radii of convexity for functions belonging 
to these subclasses of starlike functions. 
2. COEFFICIENT INEQUALITIES 
We begin by recalling the following lemmas due to Silverman [9]: 
LEMMA 1. Let the function g(z) be defined by (1.7). Then g(z) is in the 
class Y*(a) if and only if 
n~2(n-o)b,,<l-a. (2.1) 
LEMMA 2. Let the function g(z) be defined by (1.7). Then g(z) is in the 
class %(a) if and only if 
n!zn(n-ol)b.<l-r. (2.2) 
Applying the above lemmas, we now prove our first result on the coef- 
ficient inequalities for functions belonging to the class F*(cl, j?, y), given by 
THEOREM 1. Let the function f(z) defined by (1.5) be in the class 
F-*(% B, Y ). 
Then 
=[ 
m (1 +y)na,- (1--a)(nllT+2py) <&(1-/j). 1 (2.3) n 2 
Proof: Sincef(z) E F*(a, jI, y), there exists a function g(z) belonging to 
the class F*(a) such that 
C(z) - g(z) 
z.‘(z) + (1 - 28) g(z) < y 
(ZES!). 
It follows from (2.4) that 
(2.4) 
CzZ2 {nan-b,} zn-’ 
2(l-fi)-~,“=2{na,+(1-2/?)b,}z”~’ 
(z E 4%). (2.5) 
409/16l.i2-8 
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Choose values of z on the real axis so that zf’(z)/g(z) is real. Thus, upon 
clearing the denominator in (2.5) and letting z--t 1- through real values, 
we have 
na,-b,}qJ 2(1-B)- f {~~,+(1-28)~,) (2.6) 
?I=2 
or, equivalently, 
Note that, by using Lemma 1, g(z)EY(a) implies 
b <l-cr 
“‘n--a (n>2). 
Making use of (2.8) in (2.7), we complete the proof of Theorem 1. 
COROLLARY 1. Let the function f(z) defined by (1.5) be in the cluss 
y*(a, IX Y). 
Then 
a ,2y(n-a)(l-8)+(1-a)(l-y+2By) 
nl 
n(n - a)(1 + Y) 
The result (2.9) is sharp for a function of the form: 
fo=z-2y(n-~)(l-B)+(l-a)(l-y+2~y) 
n(n - aIt1 + y) 
Zn 
with respect o 
g(z)=z-Ez” (n22). 
(n 2 2). (2.9) 
(n > 2) (2.10) 
(2.11) 
Remark 1. Letting a = 0 in Corollary 1, we obtain a result proved by 
Gupta [2, p. 57, Theorem 31. 
In a similar manner, Lemma 2 can be used to prove 
THEOREM 2. Let the function f(z) defined by (1.5) be in the class 
Wa, B, Y ). 
Then 
f [(I+ y)na.- (1-a~~~~~~2’y)]<2y(l -P). (2.12) 
n=2 
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COROLLARY 2. Let the function f(z) defined by (1.5) be in the class 
%:(a, P, y). 
Then 
a ,2yn(n-a)(l-8)+(1-a)(l--+2/Q) 
II\ n*(n-a)(1 +y) 
(n B 2). (2.13) 
The result (2.13) is sharp for a function of the form : 
f(z) = z _ 270 - a)(1 -PI + (1 - a)(1 -Y + VY) 
n*(n - a)( 1 + y) 
Zn (nB2) (2.14) 
with respect to 
l-a n 
g(z)=z--z 
n(n - a) 
(n 2 2). (2.15) 
3. DISTORTION THEOREMS 
Applications of Lemma 1 and Lemma 2 lead to the following distortion 
theorems for functions belonging to the classes F*(a, fl, y) and U(a, /I, y). 
THEOREM 3. Let the function f(z) defined by (1.5) be in the class 
s*(a, B, Y). 
Then 
I4 -4a, B, 7) lzl*G If(z)1 G I4 +&a, B, Y) lzl* (3.1) 
and 
1 - Wa, 8, y) I4 d If’(z)1 < 1 + 2A(a, 8, y) (4 (3.2) 
for ZE%, where 
A(a B y)=(1-a)(l+~)+2y(l-8) 
9 3 
2(2-a)(1 +y) ’ 
The results (3.1) and (3.2) are sharp. 
Proof. For f(z) E F*(a, /?, y), (2.7) implies 
(3.3) 
2(l+~) f a,-(l-y+2By) f b,<2y(l-b). 
n=2 II=* 
(3.4) 
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For g(z) E F*(a), Lemma 1 yields 
l-a 
fbc- 
II=2 
n.2-a’ 
so that (3.4) reduces to 
(3.5) 
f a,,< (1 -a)(1 +Y)+2Y(l -P)=,(a 
W-a)(l -Y) 
B y) 93. (3.6) 
n=2 
Consequently, 
2 1.4 - (z12 fJ a, 
n=2 
2 I4 - aa, 8, Y) IA2 (3.7) 
and 
If(z)I < bl + Id2 f a, 
n=2 
G I4 + 44 P, 7) b12. (3.8) 
Furthermore, we note from (2.7) that 
co m 
(l+~) 1 na,-(l-y+Wy) 1 b,<Nl-P), 
n-2 II=.? 
(3.9) 
which, in view of (3.5), becomes 
f * a, < (’ - ‘:fJa:i :+‘F:’ - ‘) = 2A(cl, p,y). (3.10) 
n=2 
Thus we have 
Is’(zN2 I- I4 f na, 
II=2 
2 l-2-4(& B, y) I4 
and 
If’(z)l G 1 + Id f n a, 
n=2 
G 1 + 24% B, Y) IA. (3.12) 
(3.11) 
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Finally, we can prove that the bounds in (3.1) and (3.2) are sharp by 
taking the function 
f(z) = z - 46 B> Y) 2 (3.13) 
with respect to 
l--Cc 
g(z)=z-2-c(Z2. (3.14) 
This completes the proof of Theorem 3. 
COROLLARY 3. Let the function f(z) defined by (1.5) be in the class 
y*ta, 8, Y). 
Then the unit disk C& is mapped onto a domain that contains the disk 
IwI < rl, where 
3-a+y-ay+2By 
rl= 2(2-a)(l+y) ’ 
(3.15) 
The result is sharp with the extremal function defined by (3.13). 
Remark 2. In its special case when a = 0, Theorem 3 corresponds to an 
earlier result given by Gupta [2, p. 58, Theorem 43. 
THEOREM 4. Let the function f(z) defined by (1.5) be in the class 
@(a3 P, Y ). 
Then 
and 
I4 -Way 8, Y) lz12 G If( < I4 + @a, B, Y) Hz (3.16) 
1 -Way B, 7) I4 G If’(z)1 < 1 + Wa, B, Y) I4 (3.17) 
for z E 92, where 
B(a B y)=(1--cc)(l+~)+2~(3-a)(l-B) 
9 9 
4(2-a)(l+y) ’ 
The results (3.16) and (3.17) are sharp. 
Proof. By using Lemma 2, we have 
(3.18) 
f b,<I-u 
II=2 2(2-a)’ 
(3.19) 
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since g(z) Ed. The assertions (3.16) and (3.17) of Theorem 4 follow if we 
apply (3.19) to (2.7). 
The bounds in (3.16) and (3.17) are attained by the function 
f(z) = z - B(% 8, Y) z* 
with respect to 
g(z)=z- l--a z2 
2(2-a) . 
(3.20) 
(3.21) 
This evidently completes the proof of Theorem 4. 
COROLLARY 4. Let the function f(z) defined by (1.5) be in the class 
%(a, A Y). 
Then the unit disk 9 is mapped onto a domain that contains the disk 
Iw( < r2, where 
7-3a+y-ay+6/?y-2aj?y 
r2 = 
4(2-a)(1 +y) ’ 
(3.22) 
4. CONVEXITY OF FUNCTIONS IN F*(a,/I, y) AND %(a,/& y) 
In view of Lemma 1, we know that the function j(z) defined by (1.5) is 
starlike in the unit disk +Y if and only if 
00 
1 na,<l. 
II=* 
For f(z) E F*(a, /I, y), we find from (2.7) and (3.5) that 
fJ na,<24a,B,y),<l, 
n=2 
(4.2) 
where A(a, & y) is defined by (3.3). Furthermore, for f(z) E %(a, /I, y), we 
have 
f n a, 6 2&a, B, y) < 1, 
n=2 
(4.3) 
where B(a, /3, y) is defined by (3.18). Thus we observe that Y*(a, /3, y) and 
%‘(a, j?, y) are subclasses of starlike functions. Naturally, therefore, we are 
interested in finding the radii of convexity for functions in $*(a, p, y) and 
%?(a, /I, y). We first state 
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THEOREM 5. Let the function f(z) defined by (1.5) be in the class 
y*ca, B, Y). 
Then f(z) is convex in the disk IzJ < r3, where 
( 1 > 
l/C-- 1) 
r3= inf 
1 
na2 2nA(a,p,y) =44a, B, y)’ 
where A(a, fl, y) is given by (3.3). The result is sharp. 
Proof. It suffices to prove that 
I 1 
zf”(Z) < 1 
f’(Z)’ (14 G r3). 
Indeed we have 
I II zf”(Z) _ 
-C,“=2 n(n - 1) a,~“-’ 
f'(z) 1 -~~C2na,z”-1 
,C,“=2n(n- 114 blnel 
1-C,“=,na, Izln-l ’ 
Hence (4.5) holds true if 
nz2n(n-l)a.(ll”P161- f na,lzl”-‘, 
n=2 
that is, if 
f n2a, lzl”-‘<l. 
n=2 
With the aid of (3.10), (4.8) is true if 
n I4 “-I< 
1 
2&a, l% Y) 
(n22). 
It follows from (4.9) that 
‘Z”(2nA(t,p,~) > 
l/(n - 1) 
(n 2 2). 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 
(4.10) 
Finally, since n - liCn - ‘) is an increasing function for integers n > 2, we have 
(4.5) for IzI <r3, with r3 given by (4.4). 
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In order to complete the proof of Theorem 5, we note that the result is 
sharp for the functionf(z)EF*(a, p, y) of the form: 
f(z)=z- 24% A Y) n zn (4.11) 
for some integer n 2 2. 
Similarly, we can prove 
THEOREM 6. Let the function f(z) defined by (1.5) be in the class 
wa, P, Y)- 
Then f(z) is convex in the disk IzI < r4, where 
( 
1 
> 
M- 1) 
r4 = inf 
1 
nr2 2nB(a,j?,Y) =Wa, B, Y)’ 
(4.12) 
B(a, fl, y) being given by (3.18). The result is sharp for the function 
f(z) E %(a, /?, y) of the form: 
f(z)=z- Was By Y) n z” (4.13) 
for some integer n 2 2. 
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